Abstract: It has been widely recognized that the behavior of confined concrete depends upon the level of confinement. Brittleness or ductility is a function of the state of compressive stresses, unconfined concrete strength, volumetric expansion, and concrete softening. Constitutive models for strength enhancement, concrete dilatation, and a new stress-strain relationship for concrete in triaxial compression are proposed. The load-carrying capacity of confined concrete is predicted by utilizing an Ottosen-type surface with newly developed coefficients that account for a wide range of confinement levels ͑lateral pressures up to 100% of the unconfined concrete strength͒ and unconfined concrete strengths from 20 to 130 MPa. Concrete dilatation is modeled as a function of the lateral pressure ratio and concrete strength and can reach values beyond the limit of uncompressibility. Experimental results are used to corroborate the new models at the material level, producing accurate agreement.
Introduction
Triaxial compressive stresses delay expansion and damage propagation in concrete. As concrete stresses become larger, the internal structures of paste, aggregates, and pores change. Cracks develop through the aggregates, pores collapse, and the failure mode transforms from brittle to ductile ͑Sfer et al. 2002͒ . It is also well known that confinement increases the strength and ductility of concrete. After peak strength, low-confined concrete exhibits softening and decreasing capacity, whereas high-confined concrete exhibits continuous hardening behavior with little or no softening until failure.
Concrete subassemblies, elements, and structures subjected to triaxial stresses can be found in many civil engineering applications. In prestressed beams, anchorage of strands at the ends creates disturbed zones ͑D zones͒ that require stirrups around prestressed cables to prevent the concrete from spalling off explosively. Anchor fasteners embedded in concrete and subjected to tension produce high axisymmetric triaxial compressive stresses in the concrete in the vicinity of the bolt head ͑Pivonka et al. 2000͒ . Concrete in massive dams is subjected to triaxial compression due to its self-weight and to restraints at the dam's base and lateral supports. Finally, reinforced concrete columns are passively confined by either steel, fiber-reinforced polymer ͑FRP͒ fabric, or a combination of both. The behavioral enhancement of FRP composites for structural retrofitting has long been investigated ͓e.g., Demers and Neale ͑1999͔͒.
Several types of formulations have been used in the analysis of concrete columns confined by steel stirrups or spirals, from simple empirical models ͓e.g., Sheikh and Uzumeri ͑1980͒; Mander et al. ͑1988͔͒ that utilize physical variables ͑stirrup and longitudinal reinforcement arrangements, section dimensions, and material properties͒ to finite-element analysis techniques ͓e.g., Sankarasubramanian and Rajasekaran ͑1996͒; Montoya et al. ͑2001͒; Sfer et al. ͑2002͔͒ based on nonlinear elasticity, plasticity, fracture mechanics, or continuum damage mechanics.
The work of several researchers has contributed to calibrating the behavior of confined concrete and has added to the database of experimental results. Measured lateral and axial strains at ultimate on concrete specimens have shown ratios of lateral to axial strain greater than 1.0 ͑Candappa et al. 1999͒; ratios larger than 6.0 in some uniaxial compression tests had also been found ͑Lee et al. 1997͒. It had also been observed that concrete dilatation depends on the level of lateral pressure ͑Assa et al. 2001a͒.
Several computational models for confined concrete had been proposed. Some of the proposed failure and loading surfaces of plasticity-type models used Drucker-Prager models ͑Karabinis and Rousakis 2002; Pivonka et al. 2000͒ , which did not reproduce accurately the volumetric strain behavior. Many of the models require a large number of parameters to be calibrated, and the parameters applied to certain types of analyses had to be redetermined for other loading paths ͑Ghazi et al. 2002͒. These parameters are generally based on experimental results for one type of concrete ͑e.g., normal strength concrete or high-strength concrete͒ and could only be applied according to their constraints. Analytical stress-strain curves obtained by Sankarasubramanian and Rajasekaran ͑1996͒ were stiffer than the experiments, some of the curves did not reach peak stress, and either the analytical model was not able to trace the postpeak behavior, or the postpeak behavior did not follow that of the test.
Models based on compatibility of deformations and simple formulations for concrete strength ͓e.g., Assa et al. ͑2001a,b͔͒ made several assumptions that rendered them useful to reproduce the general behavior of structural elements with certain types of cross sections ͑e.g., circular sections͒. However, they gave no insight on the distribution of confinement between ties or within the cross section of the column. This paper describes a new and complete set of constitutive models developed to analyze confined concrete. The models include a stress-strain curve that accounts for 3D effects, concrete dilatation, strength enhancement, postpeak softening, or increased strain hardening. The concretes studied cover all types of commercially available concrete, from low strength ͑20 MPa͒ to very high strength ͑130 MPa͒, and a large range of confining pressures, from zero confinement up to a lateral pressure equal to 100% of the unconfined concrete strength.
Simple relationships between the type of concrete and the confinement level ͑ratio of lateral pressure to unconfined concrete strength͒ were established to develop coefficients to modify the parameters of a well-known failure surface whose original version does not cover the wide range of experimental data published, especially those of high concrete strengths and high confinement. Concrete dilatation depends upon the exerted lateral pressure and the type of concrete and was not bounded by the uncompressible Poisson's ratio limit of 0.5. All the relationships are given in terms of stresses and strains, which make them suitable for incremental nonlinear elastic finite-element analysis and for a wide range of structural applications and types of confinement ͑e.g., constant lateral pressure and steel-and FRP-confined concrete͒.
Research Significance
The difficulties in obtaining experimental results ͑e.g., strains͒ in concrete specimens, such as pullout tests of bolts, prestressed anchorages, and scaled models of concrete dams, just to mention some, have led to the formulation of material behavior models based on simpler tests ͑e.g., cylinder specimens͒ and the extrapolation of those models to analyze more complex subassemblies. Finite-element techniques provide useful insight on material behavior, and well-engineered models and numerical analyses contribute to the design of experimental tests and the determination of simple formulations for design purposes based on realistic material and structural behavior.
Constitutive Models
Three basic constitutive models were developed to analyze concrete behavior when confined: expressions for concrete dilatation, the strength gain of concrete in a triaxial stress state, and a complete stress-strain curve for confined concrete.
Concrete Dilatation
Experimental results of concrete cylinders subjected to triaxial compressive stresses, obtained from a testing program carried out by Imran and Pantazopoulou ͑1996͒, were used to formulate a simple model for concrete dilatation. The cylinders had a diameter of 54 mm and a height of 108 mm. The target unconfined concrete strengths f c Ј were 65, 43, and 21 MPa, and the water/ cement ratios utilized were 0.4, 0.55, and 0.75. The cylinders were subjected to seven target levels of confinement ͑i.e., ratio of lateral pressure to unconfined concrete strength f cl / f c Ј. ͒-0, 0.05, 0.10, 0.20, 0.40, 0.70 , and 1.00-and four different load paths. From the 130 cylinders tested, only those cylinders subjected to constant lateral pressure and monotonic axial compression and tested under "dry" conditions were investigated. At the time of testing, the unconfined strengths were 73.4, 47.4, and 28.6 MPa, respectively. The experimental results were plotted in curves of lateral strain cl −axial strain ratio ͑ c / cc ͒ ͑axial and lateral strains positive, c being the axial strain and cc the strain at peak stress͒ and fitted to a parabola
where ␣ϭfitting parameter. A linear correlation was found between ␣ and the lateral pressure ratio f cl / f c Ј for all the concrete strengths. The value of ␣ increases with an increase in the lateral pressure ratio or confinement level. The statistical correlation can be found elsewhere ͑Montoya 2003͒. The equation for lateral strain given above can be expressed in terms of the confinement ratio as
͑2͒
Considering the initial Poisson's ratio o , the secant Poisson's ratio is proposed to be calculated as
Strength Enhancement
The parameters considered to affect the strength gain of triaxial compressed concrete are the level of confinement and the type of concrete. Experimental results of strength enhancement in columns subjected to monotonic axial compression and small concrete cylinders subjected to active lateral pressure and axial compression, observed in more than 280 specimens and described in Tables 1 and 2 , have led to the definition of two simple categories of concrete types and confinement ratios, respectively, accounting for a reasonable spectrum of possible ranges of confined behavior of concrete. From the data in Tables 1 and 2 the following conclusions may be drawn. About 96% of the total number of column specimens studied reached a level of confinement between 0 and 20%, that is, f cl / f c ЈՅ 0.20 for concrete strengths from 20 to 130 MPa. It was also found that the confinement level tends to decrease with an increase in the unconfined concrete strength, which may be expected due to the reduced lateral dilatation of high-strength concrete ͑HSC͒. The average number of columns per concrete strength range was 24, with 86% of the total number of columns having unconfined strengths Յ100 MPa.
In the case of the concrete cylinders, about 63% of the cylinders were subjected to active pressure ratios Յ20%, 31% to pressure ratios between 20 and 100%, and the remaining 6% to pressure ratios over 100%. The average number of specimens per concrete strength range was 15, with 70% of the cylinders with f c ЈՅ 100 MPa. From the observed data, two levels of confinement are defined:
• Low confinement: when a concrete element is subjected to an average lateral pressure ratio Յ0.20 in a plane normal to the major principal compressive stress ͑i.e., f c3 ͒; and
• High confinement: when a concrete element is subjected to an average lateral pressure ratio Ͼ0.20 in a plane normal to the major principal compressive stress. The unconfined concrete strengths are divided into two ranges: Four categories of confinement result from combining the given definitions:
• LN=low-confined normal strength concrete;
• HN=high-confined normal strength concrete;
• LH=low-confined high-strength concrete; and • HH=high-confined high-strength concrete. These categories were used to calibrate a four-parameter Ottosen-type criterion in the principal stresses space ͑f c1 , f c2 , f c3 ͒, which can be represented by the following set of equations ͑compression negative͒:
where the parameters are a, b, k 1 , and k 2 , and the stress invariants I 1 , J 2 , J 3 are calculated as functions of the principal concrete stresses
Proposed Ottosen Parameters
Four tests are needed to find the parameters of the Ottosen-type criterion: the uniaxial compressive test, a triaxial test to define the compressive meridian, the uniaxial tensile test, and a biaxial test to define the tensile meridian. Three of the parameters, b, k 1 , and k 2 , are resolved in terms of the parameter a using the following boundary conditions:
• Uniaxial tensile test: f c1 = f ct ; f c2 = f c3 =0; ͑f ct ,0,0͒; and
where f ct and f bc are the concrete uniaxial tensile and biaxial compressive strengths, respectively. By solving the 4 ϫ 4 system of equations, the parameters b, k 1 , and k 2 are
The biaxial compressive strength f bc is calculated from an approximation of the tests by Kupfer et al. ͑1969͒
The Ottosen-type criterion ͓Eq. ͑4͔͒ was fitted to the experimental results of the reinforced concrete columns and concrete cylinders presented in Tables 1 and 2 . For columns, the average maximum concrete lateral pressure was used in the statistical fitting, and for cylinders it was considered that the lateral pressure was uniformly applied along the lateral surface of the cylinder. The proposed values for parameter a are given in Table 3 as a function of the tensile strength f ct . Although the values for parameter a are discrete, the strength enhancement ratio ͑i.e., the ratio of strength f cc to unconfined concrete strength f c Ј͒ showed a smooth transition among all the confinement categories except HN, which may be explained by the fact that the derived statistical value for a for confinement category HN was based on a limited number of tests ͑6% of total database͒. This set of values for a, along with the corresponding values for b, k 1 , and k 2 , is used to predict the concrete strength of the examined specimens. The criterion was compared with several failure surfaces proposed in the literature. For brevity, Fig. 1 
Strain at Peak Stress of Confined Concrete " cc …
The experimental data from the triaxial tests conducted by Ansari and Li ͑1998͒; Attard and Setunge ͑1996͒, and Imran and Pantazopoulou ͑1996͒ were used in a linear regression to propose a model to determine the strain at peak stress, cc . A linear relationship was found between the normalized strain at peak, cc / co ͑ co ϭstrain at peak unconfined stress f c Ј͒, and the confinement
where k cc ϭfactor that depends on the unconfined concrete strength f c Ј. From the experimental results, it was evident that for a particular confinement level, the normalized strain at peak decreased with an increase in the concrete strength. The value of k cc is given as
The experimental data set covered concrete strengths between 20 and 130 MPa and confinement levels ͑f cl / f c Ј͒ from 0 to 1.0; a moderate correlation was found in Eq. ͑12͒ as the result of the scatter in the experimental strain data.
Stress-Strain Curve for Confined Concrete
A formulation for the complete stress-strain curve for concrete subjected to triaxial compressive stresses is presented. The curve has two branches defined by different mathematical formulations. The complete confined concrete stress-strain curve is then used to corroborate a series of experimental results. 
Prepeak Stress-Strain Curve
The stress-strain curve by Hoshikuma et al. ͑1996͒ was adopted to model the ascending branch of the compressive behavior of concrete. The stress f c is related to the strain c using the following formula:
where E c is the initial stiffness and cc is the strain at peak stress f cc .
Proposed Postpeak Stress-Strain Curve
The postpeak behavior is affected by the level of confinement; a curve based on the "witch of Agnesi" ͑Tume 1987͒ was developed to account for concrete softening after the peak stress. This curve depends on two parameters: the postpeak strain at 80% of the peak stress, and a shape factor K d , which depends on the confining conditions of the concrete.
Postpeak Strain at 80% of Peak Stress " c80 …
The experimental data from the triaxial tests conducted by Ansari and Li ͑1998͒, Attard and Setunge ͑1996͒, Candappa et al. ͑2001͒, and Xie et al. ͑1995͒ were used to propose a model to determine the strain c80 , which was normalized with respect to the experimental strain at peak unconfined strength, co , that is, c80 / co . When the postpeak range of the experimental curve did not decay sufficiently to reach the stress value corresponding to 80% of f cc , the curve was approximated to a polynomial, and the strain value c80 was calculated using the fitted curve. A linear relationship between the normalized strain c80 / co , and the confinement level f cl / f c Ј, is proposed to calculate the strain c80 in the postpeak curve
where kϭfactor that depends on the unconfined concrete strength f c Ј, as was the case with k cc . The value for k is given by the equation ͑correlation factor of 0.83͒
A shape factor, k d , is proposed to force the postpeak curve to pass through the stress-strain point corresponding to 80% of the peak stress, 0.80f cc , that is, ͑ c80 , 0.80f cc ͒. The shape factor is an indicator of the steepness of the stress-strain curve beyond the peak strength. The "witch of Agnesi" is transformed in terms of stresses and strains in the following equation:
when the strain c reaches the strain at peak, c = cc , the stress f c becomes the peak strength f cc . Replacing the point ͑ c80 , 0.80f cc ͒ in the latter equation gives the following formulation for the shape factor k d :
where the values for the strains c80 and cc are calculated using Eqs. ͑15͒ and ͑10͒, respectively, and the stress at peak f cc is obtained from the proposed Ottosen-type criterion. Eq. ͑18͒ is mathematically modified to produce the final expression given below 
Confined Behavior
This section examines the stress-strain curves obtained from experimental observations of concrete cylinders subjected to axial compression and either active lateral pressure or confinement with FRP composites. Experimental axial stress-axial strain curves and axial stress-lateral strain curves are compared with the analytical curves calculated using the proposed models. A brief description for each set of specimens is given along with the stress-strain plots. In all cases, the values for the parameter a corresponding to a tensile strength f ct = 0.65f c Ј 0.33 were assumed in the analyses.
Candappa et al. "1999…
The axial stress-axial strain and axial stress-lateral strain curves for four of the concrete cylinders tested are shown here. The target concrete strength was 100 MPa, and the cylinders had a diameter of 98 mm and were 200 mm high. The cylinders were tested in monotonic axial compression and active lateral pressure applied using pressurized oil in a triaxial chamber. The cylinders were subjected to lateral pressures of 0, 4, 8, and 12 MPa, respectively. The peak strengths f cc , strain at peak cc , and unconfined strain at peak co , were deduced from the experimental curves, as tabulated data were not given by Candappa et al. Fig. 2 shows the axial stress-͑axial, lateral͒ strain curves for the specimens ͑axial strain positive͒. The solid lines are the analytical curves, and the markers represent the experimental data. Table 5 shows the main parameters for each curve. Concrete strength and strain at peak stress are well captured by the proposed models for all cases. The lateral strain-axial stress curves obtained from the dilatation model follow the general trend of the concrete lateral expansion of the specimens.
Attard and Setunge "1996…
High-strength concrete cylinders with unconfined concrete strengths ranging from 60 to 130 MPa were tested under low constant lateral pressure and axial compression. The cylinders had a diameter of 100 mm and were 200 mm high. The axial stressaxial strain curves of three of the cylinders published by Attard and Setunge are reproduced and predicted using the proposed confined concrete models. The confinement ratios for the cylinder results ranged from 0.04 to 0.14, which place them in the LH range. The three cylinders were of unconfined concrete strength of 110 MPa, subjected to confining pressures of 5, 10, and 15 MPa, respectively. The predictions of the confinement models agree well with the experimental data, as can be seen in Fig. 3 and Table 6 .
Imran and Pantazopoulou "1996…
The cylinders tested were 55 mm in diameter and 110 mm high, and the concrete strength of the cylinders shown here at the time of testing was 73.4 ͑"dry" cylinders͒. Seven of those cylinders were tested at constant lateral pressure and axial compression ͑type a testing, as described in their paper͒. The lateral pressure ratios were 0, 3.2, 6.4, 12.8, 25.6, 38.4, and 51.2 MPa. The specimens were classified into the LH and HH categories. The stress- Fig. 4 and Table 7 . It was found that the prepeak axial stress-axial strain response was less stiff than the experimental response, but the lateral deformation trend was well captured by the dilatation model, as expected.
Karabinis and Rousakis "2002…
The testing program carried out consisted of concrete cylinders of 200 mm diameter and 320 mm high, wrapped with CFRP ͑fab-ric͒. The cylinders were wrapped with 1, 2, and 3 layers of fiber, whose properties are given in Table 8 . The wraps were oriented perpendicular to the longitudinal axis of the cylinder in such a way that they did not contribute to the axial resistance of the confined specimen, and only lateral confinement was provided. The concrete properties of these series are also shown in Table 8 . The cylinders were subjected to axial compression, ju is the rupture strain of the CFRP, and the thickness is given per layer. Three of the tested cylinders were selected for modeling using the in-house nonlinear finite-element program VecTor6 developed for this work. Analyses of these tests serve two purposes: to establish the capacity of the material models to reproduce the incremental lateral pressure due to the confining fabric, and to check the features of the program VecTor6. The analytical model is shown in the inset in Fig. 5 ; one-quarter of the cylinder was used to reproduce the behavior due to symmetry, and imposed displacements were applied at the top of the cylinder.
The experimental values for the material properties of concrete and CFRP were utilized in the model. The mesh has 160 fournode tori, and the CFRP layers were modeled using "ring" bars attached to the lateral surface nodes of the tori ͑perfect bond assumed͒. The area of the ring bar was equivalent to the tributary area between nodes of the CFRP supplied. The experimental and analytical axial stress-axial strain curves for Type A cylinders ͑C1, C7, and C13͒ are shown in Fig. 5 . Table 9 compares the experimental results published by Karabinis and Rousakis and those obtained with the program VecTor6. Note that none of these experimental results were used in the formulation of the models, and therefore the results represent a realistic confirmation of the capabilities of the models to reproduce FRP confinement at the material level.
Conclusion
A new set of constitutive material models for concrete in confined compression is proposed; the models include formulations to predict the concrete strength enhancement due to triaxial compressive stresses, the peak strain, concrete dilatation, a pre-and postpeak stress-strain curve, and a modified Ottosen failure surface that now takes into account a wide range of concrete strengths and confinement levels. Four simple categories of confined concrete were defined based on the confinement ratio and the concrete type, and the models were used to reproduce the lateral and axial strain-axial stress curves of concrete cylinders tested by different researchers, subjected to axial compression and active lateral pressure. Three cylinders wrapped with FRP fabric and tested in axial compression were also modeled using an inhouse program developed for this work; the analytical response of these cylinders showed the capacity of the models and the non- 
